ON THE SECOND THEOREM OF CONSISTENCY IN THE
THEORY OF ABSOLUTE RIESZ SUMMABILITY

BY
B. N. PRASAD AND T. PATI

1.1. Definitions. Let Zc,. be a given infinite series, and N\, a positive,
steadily increasing monotonic function of #, tending to infinity with n. We
write

O =Crw) = 3 ¢

MSow

and

C;(w) = E (W= Na)en =71 QC)‘(T)(w — 1) ldr (r > 0).

MSw M

The series Zc,. is said to be summable (R, N\, 7), r =0, to C, if

Ch(@) /o — C,

as w— o (1),
The series Ec,. is said to be absolutely summable (R, A, 7), or summable
|R, N, 7], 720, if

Cr(@)/w € BV(h, ©)(2),

where £ is a finite positive number(3).

1.2. In 1916 Hardy proved the following theorem as an extension of the
well-known “second theorem of consistency” for Riesz summability(*), ob-
tained by him and Riesz.

THEOREM A(%). If the series Zc,, is summable (R, \, k), k=0, to the sum C,
and p is a logarithmico-exponential function of N, such that

w = 0(2),

where A is a constant, then the series _c, is summable (R, u, k) to the same sum

C.

Received by the editors December 5, 1955, and, in revised form, June 1, 1956.

) Riesz [10]. )

() By “f(x)&BV(h, k)” we mean that f(x) is a function of bounded variation in the in-
terval (k, k); throughout the present paper all infinite intervals are understood to be open on
the right.

(%) Obrechkoff [7] and [8].

(%) Hardy and Riesz, [3, pp. 30-33].

(%) Hardy [2].
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Hirst obtained a generalization(®) of Hardy’s theorem by replacing u by
a more general function of A. Very recently Kuttner has shown that, while
Hirst’s conditions are both necessary and sufficient in the case in which the
order of summability is an integer(?), there do not seem to be available any
reasonably simple conditions which are both necessary and sufficient in the
case in which the order of summability is nonintegral(?).

In 1942 Chandrasekharan proved(?) the direct analogue of Hardy's theo-
rem for the absolute summability of series by Rieszian means, thus confining
the type u to a special class of logarithmico-exponential function. Very re-
cently Pati has extended the scope of applicability of the second theorem of
consistency for absolutely summable series, when the order of summability
is a positive integer, by establishing the following theorem.

THEOREM B(1). If ¢(¢) is a non-negative and monotonic increasing function
of t for t 20, steadily tending to infinity as t tends to tnfinity, such that, for posi-
tive integral k, d(t) is a (k+1)th indefinite integral for t 20, and

t'd)(')(t)/d)(t) € BV(hr °°) (7 = 1: 2» ] K)o

where h is a finite positive number, then any infinite series which is summable
| R, \., k| is also summable | R, p(\.), «| .

The object of the present paper is to establish a parallel theorem in the
case in which the order of summability « is positive and nonintegral, and
¢ (¢) is a monotonic nondecreasing function of ¢.

2.1. We establish the following theorem.

THEOREM. If ¢(t) is a non-negative and monotonic increasing function of ¢
for t=0, steadily tending to infinity as ¢ tends to infinity, such that ¢V(2) is
monotonic nondecreasing for t 20, ¢(¢) is a (k+2)th indefinite integral for t =0,
where k is the integral part of k(*'), and

(2.11) 1o () /9(t) & BV (h, =) (r=1,2,---,k+1),

where h is a finite positive number, then any infinite series which is summable
|R, Ay x[ , s also summable |R, o\, KI .

2.2. Itis evident that the truth or otherwise of the theorem depends only
upon the behavior of ¢(¢) for sufficiently large . We may, therefore, alter
¢(¢) in any finite range in any convenient way, and may suppose without
any loss of generality that A=\, or even h=\;=0, for the sake of con-

(%) Hirst [4].

(") Kuttner [5].

(8) Kuttner [6].

(%) Chandrasekharan [1].

(%) Pati [9].

(1) We assume throughout that « is positive and nonintegral.
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venience, ¢(\;) =0, and that ¢(¢) is a (k+2)th indefinite integral for £=0 in-
stead of only for sufficiently large ¢.
2.3. We require the following lemmas for the proof of our theorem.

LeMMA 1(12). If k is a positive integer, then

Ca(o) = %(d%) o).

LEMMA 2. The nth derivative of {f(x)}™ is a sum of constant multiples of
terms of the type

U@ {fo@la{f@@le . (1o @],
where r = n, and the a's are positive integers or zeros such that

n

n
> o =1 > va, =

r=1 =1
Further, if m is a positive integer, then 0 <r <m.

This is a particular case of a result due to Faa di Bruno(*®) on the nth
derivative of a function of a function; the factor {f(x)}™ accrues from the
differentiation of {f(x) }”' with respect to f(x), and is multiplied by a zero
factor if m is a positive integer and r >m.

LeEMMA 3(1). Let ¢(t) be a non-negative and monotonic increasing function
of t for t=0. If 620,

G(o) € BV (5, »)

and
H(o)do BV © 0),
M f (0)do € BV (5, ) (r>0)
then
H(0)G(o)do & BV(5, »
¢()f (0)G()do € BV, o).
LemwMA 4. If

x(q) = fﬂa"+1{¢(a)}“{¢(“(o)}“l - {¢(k+2)(a-)}ak+2do—,

(%) Hardy and Riesz [3, p. 31].
(13) C. de la Vallée Poussin [12, p. 89].
(*) Pati [9, Lemma 3].
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and the o's are positive integers or zeros such that
O<ataoytat - -Fage=r=k+1
and
o+ 202+ -+ (B4 Dara = k+ 2,
then, under the hypotheses (2.11) and h=0,
x(m)/{é(m)} € BV(0, ).

This follows from a result due to Pati(*®) on making the substitutions:
K=k+1, )\1=0. ’

LEMMA 5. If k>7 =0, where r is an integer, and

F(O‘) G BV(S: oo)v s = 0,

then
1 n
Wf {¢(n) — ¢(0) } 16D (o) {$(c) } F(0)do € BV (s, ).

Proof. Since
(6@} = {o(n) — (6(n) — ¢(a))}",
it suffices to show that, if F(¢) EBV(S, «), then

1 n
{Wf {d’("?) - ¢(0')}"—r/—1¢(1)(a')F(a‘)da' & BV(s, ©)

where k>72=7'20. Putting x—7' =0, we have to show that

1 n
— f {6(n) — 6(c)}16D()F(c)ds € BV (s, ).

{o(n)}?
Integrating by parts, we see that the above expression equals
1 ¢o(s))‘ 1 K
(1= 22)F6) + —— = [ {80) = #(0)} FO (o
a( $(n) Sam]ed, 140 — o) FN e

Hence, it suffices to show that

Qn) = f "(1 — %)aF“)(o)da € BV(s. )

Now

(15) Pat’ [9 Lemma 4].
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[T1aswl = 7 ad(0- 2 row
< [0l [T a (1= 2OV

gf | FD(0) | do < oo,

by hypothesis.

LEMMA 6. If k>7r =0, where r is an integer, and

1 n
Wf F(a)da G BV(S, 00), N g 0,

then

1 " d(a)\* "
S 1 — —2) F(o)ds € BV (s, ).
{am%£< ¢m> (e)do BV (s, )

Proof. Integrating by parts we have

AR
{amrﬁ<l_E®> Flo)de

=_(x——r) ’ — ¢(o) { 1oV (g g ’——1 "FTdT do
G- 1600 = st} = ()“<)}<{a@}nﬁ ™) ) .

The result follows by an application of Lemma 5.

LemMmA 7(%9). If

6() = [ x wgtrdn

then

fa | dG(x) | =< uppe:jlound {I E(u, u) | + fu | d . £(x, 1) [ } fa | g(w) | du.

3.1. Proof of the theorem. By hypothesis

Ci(n)/n" € BV(0, ).
We have to show that
1 Kl d
| Co) — — #(o) }doe € BV(0, ),
{waﬁ @) = o) = 4(0)} (0, )

(1) Tatchell [11, Lemma 1 (i)].
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that is to say, by Lemma 1,

1 nrdAN* . d
Wfo (d_cr> C\(o) —~ {#(n) = #(e)}do € BV (0, ).

Integrating the integral in the last expression k times by parts, we obtain
as the result of integration a constant multiple of

r=[co (£) " tetn)  ote)} e

By Lemma 2, I can be expressed as the sum of constant multiples of
integrals of the type

k+1

[ o) {6n) — 6(@)} = 11 {#(0) } wdo,

n=1
where the a's are positive integers or zeros such that
agtoart - tap=rsk+1
and
a1+ 20+ - A (B + Daws = b+ 1.
Consider the possibility:
artar+ -+ ag=k+ 1.
In this case, since
a1+ 2a0+ -+ (Bt Daga =k + 1,
by subtraction we get
ar + 205+ - -+ + kaus = 0.
Hence
ay = a3 = -+ = agp = 0,
oy =r=%k+ 1.
Thus I can be expressed as the sum of constant multiples of integrals of

the type
k+1

L= f o) {on) — (o)} 1T {6(a) }ondo,

n=1 '
where
agtat - Fapn=r<«k

and
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a1+ 205+ -+ (B+ Dagr = &+ 1,
and the integral

I = f "Cho) o) — ¢(0)} {6 ()} do

We first treat integrals of the type I;. Writing

k 1 d k+1
C =—— —C ,
r(o) PP (o)
and integrating by parts, we get integrals of the type
n e k+1
no= [ o) = 6616V @) IT {60(0) ) o
0 n=1
where
aytart -t agp =1 <k
a1+ 20+ -+ (B4 Dagpr = k41,
and
K k+1 x—r kt2
he= [ @@ e — 6} I {#000) ds,
0 n=1
where

Bi+Be+ - F+Prpe=r+1<xk+4+1,
Bi4+ 282+ -+ (b4 2)Bry2 = B+ 2.

We first prove that

(3.11) In/{¢(m)}* E BV(0, ).
We have
k+1 (1)
_ " _ 1 , Cx (0') g (0') al‘ .
In= f {6(n) — 6()} =160 (0) {6(o) ] <+ )( 0 )
(0k+1¢,(k+1)(a-))ak+1da
#(o)

- f o) — #()} 16D (0) { 9(a) } F(0)do,

where F(¢)EBV(0, «), by hypotheses (2.11), since Ct'(¢) /A 'EBV(0, =),
by virtue of the first theorem of consistency for absolute Riesz summability.
Hence, using Lemma 5, we obtain
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Iy/{¢(n) }* € BV (0, =).

We next prove that

(3.12) Io/{(n) }* € BV(0, =),

that is to say

{¢<1n>}rfo"(cig)> (- %)_+ Iil [0 rde € BVIO, ).

By Lemma 4, we have

[T T (o) i € BV
— | o*! ¢ (o) {#rde € BV (0, )
{¢("7) } "Jo n=1
under the hypotheses (2.11).

Now, since
o (0)/e ™ € BY(0, ),

we obtain, by Lemma 3,

1 1/Cx " (o k2
{d’('ﬂ)}'ﬁ ( akfl)>o‘k+l IIl {¢(n)(o-)}ﬂudo. c BV(O, 00).

Finally, using Lemma 6, we get the result (3.12).
It remains for us to prove that

___1 Tk x—k=1( (D k+1
I, K = — C)‘ P i o o -
Gy T lew) {¢(n)},ﬁ @ {o(m) = 8@} " {s” (@)} "2

& BV(0, «).
For k>0, we have(!")
T(k+1)
I+ DI(k+1—1x)Jo

T(k+ 1) e (o .
TG+ DIk + 1 -K)[_”fo {5 29}l

¢ d —K_x
+f0 \I'(a,s)z {s Cx(s)}ds],

Cx(o)

o d R
(0 — s)k=x— C\(s)ds
ds

where

v
“

®(o, s) =f w Yo — u)**du, o

(*") Hardy and Riesz [3, p. 27, Lemma 6].



130 B. N. PRASAD AND T. PATI [May
Y(e, s) = s¥(a — s5)¥*, g > s.

Since, by integration by parts,

(9 —x x v d  _« «
—f {— ®(o, s)}s C\(s)ds =f &(a,s) — {s Ci(s)}ds,
0 as 0 ds
it follows that

k F(k + 1) ‘ d —K_K
C\(o) = T DTG 19 [Kfo ®(a, s) = {s Cx(s)}ds

+ j;”\l/(o, S)dis {s_KC:(s)}ds].

Substituting this expression for Ci(c), we see that we need only prove the
following to establish (3.13).

(3.14) I/ {¢(n) }* € BV(0, «)
and
(3.15) Ins/ {(n) }* € BV(0, ),
where
= [tot = st mrts0 s 700 2 (TG0 e
Proof of (3.14). Since
121/{¢(77> } “
s“c{(s) ! f " (o) — (o)} =1 {60(0)} H18(o, $)da,
o ds T e )< oe

it suffices, by virtue of Lemma 7, to prove only that, uniformly in s>0,

1
(3.16) 9i(m, 5) = {¢( )} f {d’(ﬂ) ¢(0')}‘ {qS( )(a')} +13(g, 5)do

€ BV,(s, ).
Now

1 n
— _ ) V1 (D (o k
91(n, 5) {¢<n>~}~f, {o(n — 9(0)}=19(2) {4(o)] (

1 T
X (—f w1 o — u) ""‘du) da,
akJ,

and, therefore, by Lemma 5 and the hypotheses (2.11), it is sufficient for our

o)
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purposes to show that, uniformly in s>0,

1 4
— | w=Yo — u)**du & BV,.(s, =),

akJ,

or, what is the same thing,

1
f 111 — f)kxdt € BV,(s, »).
8lo

We have
1 1
lim (1 — §)k=dt =f (1 — )k dt < oo,
0

Camdad s/o
For any s >0, and for ¢>s5, as ¢ increases, [i,*"!(1 —f)¥*dt increases, and
on account of its uniform boundedness in (s, «) it is of uniform bounded
variation in (s, ).
Proof of (3.15). As in the proof of (3.14), it is sufficient, by virtue of
Lemma 7, to prove that, uniformly in s>0,

1 L]
(3.17) 9l 5) = {¢(77)}“f. {o(n) — ¢(o) } {4 (g) } 1 ¥(q, 5)do

€ BV,(s, ).
Proof of (3.17). Since ¥(o, s) is not defined for ¢ =s, we define 94(s,5) as

lim,., 92(n, s), which we show below to be finite. Putting o =s-+4(n—s)v, we
have

B s 1 (.,7 — S)(1 — 1)) }k+l—x
9alm <) {fb(n)}"fo {¢(77) — ¢(s+ (g — 5)v)
X {¢D(s + (n — 5)) } k(1 — g)=—F1dy,
Now
(n—951 -2 1
m = .
1 d(n) — (s + (n —5)v)  $M(s)

9a(s, 5) = {w‘;;:(;)}‘ f 1w""‘(l — p)—k-1gy,

which is finite, by hypotheses (2.11), since

Hence

1
(3.18) f (1 — o)k ldy < o,
0

In order to prove (3.17) we observe that
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fw|dn92(n, 9)| §folvk—~(1 — g)t1dy

» (m— (1 —v) =k {eW(s + (n — 5)v) | ++1
< flafo | .
fs [S é(n) — ¢(s + (n — $)v) {o(n) }* :I

Thus, in view of (3.18), it is sufficient for our purpose to show that, uniformly
in 0<v<1 and s>0,

=9 =) e {0+ (n = s)o)}

) {¢(n) — (s + (n - s>v>} {on) ]~
Putting n —s=t¢, we have only to show that, uniformly in 0 <v <1 and s>0,
F(t) = s‘{ (1 — o)t }Hl—‘ v {0 (s + vf) } #+1

$(s + 1) — ¢(s + o) {o(s + 0}
€ BV,(0, »).

Proof of (3.19). We write F(t) = U(¢) V(¢), where V(¢) is the last factor in

the above expression for F(f), and U(¢#) the rest. Since ¢V (¢) is nondecreasing,

{¢>(s+t) —q.‘>(s+vt)}/(1 —9)t is nondecreasing, and hence U(f) is nonincreas-
ing. We also see that V(¢) is nondecreasing, and that

1 {o(s + 1) — ¢(s + )} /(1 — 0)t Z $D(s + 00).
Therefore, by integration by parts,

€ BV,(s, ).

(3.19)

VarF = fwl UOVOW) + VU | d

(2)
< max F(!) + 2 f U@VO(®h)dl.
0, ») 0
By (1),
FO < {6 (s + vf) } = é ( s )"{(: + 2)eM(s + 'ut)}" <c
{o(s +0)}* s+ ot (s + vt)

where C is an absolute finite constant. Now (2) shows that it is sufficient to
prove that W(f) = U(f) V¥(¢) has a uniformly bounded integral over (0, «).
We proceed to prove this.

By virtue of (1),

{oD(s + v1) } =1
{o(s + 0}
{e0(s + )}
{o(s + o))+

W) = (k+ 1)s%

@ (s + o)

< (k4 s 6P (s + ot).
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Now, for every T>0,

r k1 T d{g®M(s 4w}
foW(t)dté b ‘Sfo T et}

T

k+ 1{ oM(s + vt)}"
= s
é(s + ot)
= T1 + Tz, say.

T {¢>(1)(s + vt)}x+l
(kA Dos fo {6(s + o0}

K 0

We see that T is uniformly bounded, while

T ((s + v)pM(s + vl)} L sxdt
T, = (k 1
pm (B )fo { é(s + ot) (s + vt)<+t

T sxdt
=< KCf — = C,
o (s + vb)eH?

where C is an absolute finite constant.
This completes the proof of the theorem.
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